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 A B S T R A C T

Under extreme conditions such as supercritical combustion, real-fluid effects become significant, necessitating 
accurate and robust simulation methodologies for high-pressure environments. In this study, we propose a real-
fluid simulation method, the BWF-Virial method, which integrates the Boltzmann-weighted Full-dimensional 
(BWF) potential into the virial equation of state (EoS) for physical properties and combustion characteristics 
simulations under high to ultra-high pressures. Based on the BWF potential model, the second and third virial 
coefficients, along with their corresponding thermodynamic and transport properties, are rigorously derived. 
These methods are subsequently integrated into the Cantera software package, establishing a comprehensive 
real-fluid simulation platform. The BWF-Virial method attains the accuracy of the third-order virial EoS, 
thereby offering a precise description of real-fluid behavior for various fuels. Its effectiveness has been 
validated through thermodynamic and transport property calculations across various species, with relative 
errors of 0.1%–10%. We further investigate zero-dimensional and one-dimensional combustion characteristics 
of supercritical methane and n-heptane. The BWF-Virial method demonstrates strong robustness and predictive 
accuracy in modeling combustion phenomena across a wide range of extreme operating conditions. Compared 
to the LJ-Virial method, it exhibits a 5%–20% difference, aligning more closely with experimental data and 
reinforcing its potential for high-fidelity supercritical combustion simulations.
Novelty and significance statement

The novelty of this research lies in the development of the BWF-Virial method for real-fluid supercritical 
simulations. Real-fluid effects are significantly amplified in non-ideal flows, such as supercritical fluids and 
plasmas. These flows are highly relevant to propulsion and energy conversion processes. Unfortunately, 
the real-fluid intermolecular interactions in the literature are mainly based on the Lennard-Jones potential, 
which reveals significant errors for physical properties and combustion simulations at high to ultra-high 
pressures, especially for polar and long-chain molecules. The BWF-Virial method can effectively overcome these 
limitations. It provides comprehensive and robust support in (i) the thermodynamic and transport property 
library establishment for polar and long-chain molecules, (ii) the reactive real-fluid combustion simulations, 
and (iii) the physical investigations of real-fluid impact on reactive flow simulations.
1. Introduction

In recent years, with the decline in fossil energy and the rise in pol-
lutant emissions, there is an urgent need for efficient and environmen-
tally friendly energy conversion technologies. Supercritical combustion 
has garnered increasing attention, particularly in the development of 
advanced engines and gas turbines [1–3]. This process occurs when fuel 
and oxidizer interact in the supercritical phase, at conditions exceed-
ing their respective critical pressures and temperatures. Owing to the 
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reduced intermolecular distances and accelerated collision dynamics in-
herent to supercritical fluids, supercritical combustion offers enhanced 
thermal efficiency and lower pollutant emissions. These advantages 
make it highly attractive for next-generation internal combustion en-
gines and propulsion systems, including rocket applications [4–6]. A 
notable example is the Raptor engine used in SpaceX Starship, which 
operates above 300 atm using a supercritical CH4/O2 mixture [7].

At elevated pressures within propulsion systems, fuels undergo 
local or even global supercritical states, in which the ideal gas as-
sumption fails and intermolecular interactions cannot be neglected. 
Consequently, it becomes essential to incorporate real-fluid effects, 
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such as intermolecular interactions and molecular volume, into nu-
merical combustion simulations. Over the past century, a series of 
semi-empirical real-fluid equations of state, including the van der 
Waals (VDW) [8], Redlich–Kwong (RK) [9], Soave–Redlich–Kwong 
(SRK) [10], and Peng–Robinson (PR) [11] models, have been developed 
to account for real-fluid effects in combustion modeling. For instance, 
Kogekar [12] employed the RK EoS to investigate the ignition delay 
times of n-dodecane/O2/N2 mixtures under high-pressure conditions. 
By comparing simulation results with experimental data, it was found 
that real-fluid effects significantly affect ignition delay times of n-
dodecane, particularly in the negative temperature coefficient (NTC) 
region. Similarly, Liang [13] numerically studied the laminar flame 
speeds of hydrogen/air and methane/air mixtures under supercritical 
conditions using the SRK EoS, systematically evaluating the influence 
of real-fluid effects on combustion characteristics through chemical ki-
netics, thermodynamics, and transport properties. Li [14–16] also sim-
ulated the supercritical oxidation of hydrogen, methane, and ethanol 
using the PR EoS, further emphasizing the necessity of incorporating 
real-fluid effects into high-pressure combustion modeling. In addition, 
Terashima and Koshi [17] developed a real-fluid combustion model and 
demonstrated that including real-fluid effects significantly improves the 
prediction accuracy of one-dimensional flame propagation and mass 
burning rates in H2/O2/Ar flames.

While conventional empirical methods for real-fluid modeling are 
widely used, they exhibit inherent limitations, including dependence on 
experimental data to fit the parameters of the equation of state (such 
as a and b in VDW EoS: 𝑃 = 𝑅𝑇 ∕(𝑣 − 𝑏) − 𝑎∕𝑣2), and a lack of physical 
insights. To address these shortcomings, Bai et al. [18–20] proposed 
the LJ-Virial method, which integrates the Lennard-Jones [21] and 
Stockmayer [22] potentials (collectively referred to as the LJ potential) 
into the virial equation of state. This approach enables the direct com-
putation of the second and third virial coefficients, as well as Enskog 
correction factors [23], from LJ potential parameters. These parameters 
are used to correct the thermodynamic and transport properties of real 
fluids, thereby eliminating the need for empirical fitting and facilitating 
real-fluid simulations under supercritical combustion conditions.

However, the LJ-Virial method shows significant limitations at 
ultra-high pressures, particularly above 200 atm, where it fails to 
accurately predict the compressibility factors of key species such as 
CO2 and H2O [18]. These deficiencies arise from the oversimplified 
nature of the LJ potential, which cannot capture the full complexity 
of intermolecular interactions, especially in systems involving polar 
molecules, free radicals, and long-chain alkanes that are prevalent in 
combustion environments [24]. To overcome these critical limitations, 
our recent work develops the Boltzmann-weighted Full-dimensional 
(BWF) potential [25]. This model incorporates various interactions 
and considers the anisotropy and temperature dependence of potential 
parameters through Boltzmann weighting, providing a more accu-
rate representation of molecular interactions under various conditions. 
The effectiveness and reliability of this model have been validated 
through extensive calculations of physical properties and combustion 
characteristics.

In this study, we integrate the BWF potential into the virial EoS, 
from which we derive the second and third virial coefficients, and 
corresponding thermodynamic and transport property expressions of 
this potential. This method is then integrated into the Cantera software 
package [26], establishing a new simulation module, the BWF-Virial 
real-fluid simulation module. Based on this framework, we systemati-
cally evaluate thermodynamic and transport properties across nonpolar 
gases, polar gases, and long-chain alkanes. Furthermore, we employ the 
BWF-Virial method to simulate zero-dimensional and one-dimensional 
combustion processes of supercritical methane and n-heptane. These 
results will provide support for the BWF-Virial approach as a powerful 
tool for real-fluid combustion modeling under supercritical conditions.
2 
Table 1
List of symbols.
 Symbol Description Units  
 𝑝 Pressure Pa  
 𝑉 Volume m3  
 𝑣 Molar volume m3/mol  
 𝑇 Temperature K  
 𝑇 ∗ Dimensionless temperature –  
 𝜌 Density kg/m3  
 𝑅 Ideal gas constant J/mol/K 
 𝑘𝐵 Boltzmann constant J/K  
 𝐵(𝑇 ) Second virial coefficient m3/mol  
 𝐶(𝑇 ) Third virial coefficient m6/mol2 
 𝐵∗(𝑇 ∗) Dimensionless second virial coefficient –  
 𝐶∗(𝑇 ∗) Dimensionless third virial coefficient –  
 𝜀 Potential well depth J  
 𝜎 Molecular diameter m  
 𝑟 Intermolecular distance m  
 𝑒 Charge C  
 𝜇 Dipole moment C m  
 𝛼 Polarizability C m2/V  
 𝐼 First ionization potential J  
 𝐿1 Molecular length m  
 𝐿2 Molecular width m  
 𝜂 Viscosity coefficient μPa s  
 𝐷 Diffusivity coefficient cm2/s  
 𝜆 Thermal conductivity W/m/K  
 𝑤 Molecular weight kg/mol  
 𝑚 Molecular mass kg  
 𝑏0 Gas volume constant m3/mol  
 𝑁̃ Avogadro constant /mol  
 𝛺(𝑙,𝑠)∗ Collision integral –  
 𝐶𝑣,rot/trans/vib The rotational, translational, and vibrational 

contribution to the molar specific heat of 
the species

J/mol/K 

 𝑍rot Rotational relaxation collision number –  
 𝑦 Correction factor from the partial derivation 

of the equation of state
–  

2. Theory and methods

This section presents the theoretical foundation and computational 
methodology of the BWF-Virial method. We first introduce the funda-
mental equations of state and potential models (Section 2.1), followed 
by detailed derivations of the key physical properties (Section 2.2) and 
their implementation in the simulation framework (Section 2.3). All the 
symbols can be found in Table  1.

2.1. Theoretical foundation

2.1.1. Virial equation of state
The ideal gas equation of state provides a good approximation at 

high temperatures and low pressures: 
𝑝𝑣
𝑅𝑇

= 1 (1)

However, this model deviates significantly from real-fluid behavior 
near the critical point and in supercritical states. To address this 
limitation, we employ the virial equation of state, which is derived 
from statistical mechanics and provides a more accurate description of 
real-fluid behavior [23]: 
𝑝𝑣
𝑅𝑇

= 1 +
𝐵(𝑇 )
𝑣

+
𝐶(𝑇 )
𝑣2

(2)

where 𝐵(𝑇 ) and 𝐶(𝑇 ) are the second and third virial coefficients, 
respectively, representing two-body and three-body molecular interac-
tions. The accuracy of this equation depends critically on the accurate 
determination of these coefficients, which in turn requires a precise 
description of intermolecular interactions.
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2.1.2. Boltzmann-weighted full-dimensional potential model
The accurate representation of intermolecular interactions is cru-

cial for predicting real-fluid behavior. In our previous work [25], we 
developed the BWF potential model, which provides a comprehensive 
description of molecular interactions: 

𝜑(𝑟) =4𝜀[(1 + 2𝐷𝑠)
(𝜎
𝑟

)12
+ 𝑒2

4𝜀𝜎
𝜎
𝑟

−
(

2𝑒2𝜇2

3𝑘𝐵𝑇 ⋅ 4𝜀𝜎4
+ 𝛼𝑒2

4𝜀𝜎4

)

(𝜎
𝑟

)4

−
(

2𝜇4

3𝑘𝐵𝑇 ⋅ 4𝜀𝜎6
+

2𝛼𝜇2

4𝜀𝜎6
+ 0.75𝛼2𝐼

4𝜀𝜎6

)

(𝜎
𝑟

)6
]

(3)

The model incorporates shape effects through the correction factor 
𝐷𝑠: 

𝐷𝑠 = 𝐴
[(

1 −
(

𝐿2
𝐿1

))]

(4)

𝐴 is 0.50 for rodlike and −0.25 for platelike molecules. This potential 
model explicitly accounts for repulsive, induction, dispersion, and elec-
trostatic interactions, while considering the anisotropy and temperature 
dependence of molecular interactions through Boltzmann weighting.

2.2. Physical properties

2.2.1. Virial coefficients
Based on the BWF potential model, we derive the second and third 

virial coefficients as shown in Eqs.  (5) and (6). The detailed derivation 
process and interpolation tables are provided in the Supplementary 
Material: 

𝐵∗(𝑇 ∗) =
∞
∑

𝑛=0
−2

2𝑛+1
2 𝑎𝑛

4 ⋅ 𝑛!
𝛤
( 2𝑛 − 1

4

)

𝑇 ∗− 2𝑛+1
4 (5)

𝐶∗(𝑇 ∗) =
∞
∑

𝑛=0
−3
2
2𝑛
𝑛!

𝛤
( 𝑛 − 1

2

)

∫

3
4

0 ∫

√

1−𝑦2

1−
√

1−𝑦2
𝐴𝑛𝑑𝑥𝑑

(

𝑦2
)

𝑇 ∗− 𝑛+1
2

(6)

2.2.2. Thermodynamic properties
For multi-component mixtures, we employ a mixture-averaged form 

of the virial equation of state: 

𝑝 = 𝑅𝑇
𝑣

(

1 +
𝐵mix(𝑇 )

𝑣
+

𝐶mix(𝑇 )
𝑣2

)

(7)

where the mixture-averaged parameters are calculated as: 

𝐵mix(𝑇 ) =
𝑚
∑

𝑖=1

𝑚
∑

𝑗=1
𝐵𝑖𝑗 (𝑇 )𝑥𝑖𝑥𝑗 (8)

𝐶mix(𝑇 ) =
𝑚
∑

𝑖=1

𝑚
∑

𝑗=1

𝑚
∑

𝑘=1
𝐶𝑖𝑗𝑘(𝑇 )𝑥𝑖𝑥𝑗𝑥𝑘 (9)

The total Helmholtz energy for 𝑛𝑇  moles of multi-component mix-
ture is: 

𝐴mix =
∑

𝑖
𝑛𝑖𝑎

0
𝑖 −

∑

𝑖
𝑛𝑖𝑅𝑇 ln

𝑝0𝑉
𝑛𝑖𝑅𝑇

+ 𝑛𝑇𝑅𝑇
(

𝑛𝑇𝐵
𝑉

+
𝑛𝑇 2𝐶
2𝑉 2

)

(10)

The total entropy is: 

𝑆mix =
∑

𝑖
𝑛𝑖𝑠

0
𝑖 + 𝑛𝑇𝑅 ln

𝑝0

𝑝
−
∑

𝑖
𝑛𝑖𝑅 ln 𝑥𝑖

+ 𝑛𝑇𝑅 ln𝑍

− 𝑛𝑇𝑅
(

𝑛𝑇𝐵 + 𝑛𝑇𝐵1
𝑉

+
𝑛𝑇 2𝐶 + 𝑛𝑇 2𝐶1

2𝑉 2

)

(11)
3 
The total enthalpy is: 
𝐻mix =

∑

𝑖
𝑛𝑖ℎ

0
𝑖 − 𝑛𝑇𝑅𝑇 + 𝑝𝑉

− 𝑛𝑇𝑅𝑇
(

𝑛𝑇𝐵1
𝑉

+
𝑛𝑇 2𝐶1

2𝑉 2

) (12)

The specific heat capacities at constant pressure and constant vol-
ume are calculated as: 

𝐶𝑝 =
(𝑑𝐻
𝑑𝑇

)

𝑝,𝑛𝑖

=
(𝑑𝐻
𝑑𝑇

)

𝑉 ,𝑛𝑖
−

⎡

⎢

⎢

⎢

⎣

𝑉 + 𝑇

(

𝑑𝑝
𝑑𝑇

)

𝑉 ,𝑛𝑖
(

𝑑𝑝
𝑑𝑉

)

𝑇 ,𝑛𝑖

⎤

⎥

⎥

⎥

⎦

(

𝑑𝑝
𝑑𝑇

)

𝑉 ,𝑛𝑖

(13)

𝐶𝑣 =
(𝑑𝑈
𝑑𝑇

)

𝑉 ,𝑛𝑖

=
(𝑑𝐻
𝑑𝑇

)

𝑉 ,𝑛𝑖
− 𝑉

(

𝑑𝑝
𝑑𝑇

)

𝑉 ,𝑛𝑖

(14)

where, 
(𝑑𝐻
𝑑𝑇

)

𝑉 ,𝑛𝑖
=
∑

𝑖
𝑛𝑖𝑐

0
𝑝,𝑖 − 𝑛𝑇𝑅 + 𝑉

(

𝑑𝑝
𝑑𝑇

)

𝑉 ,𝑛𝑖

− 𝑛𝑇𝑅𝑇
(

𝑛𝑇𝐵1 + 𝑛𝑇𝐵2
𝑉

+
𝑛𝑇 2𝐶1 + 𝑛𝑇 2𝐶2

2𝑉 2

)

(15)

(

𝑑𝑝
𝑑𝑉

)

𝑇 ,𝑛𝑖
= −

𝑛𝑇𝑅𝑇
𝑉 2

(

1 +
2𝑛𝑇𝐵
𝑉

+
3𝑛𝑇 2𝐶
𝑉 2

)

(16)

(

𝑑𝑝
𝑑𝑇

)

𝑉 ,𝑛𝑖
=

𝑛𝑇𝑅
𝑉

(

1 +
𝑛𝑇𝐵 + 𝑛𝑇𝐵1

𝑉
+

𝑛𝑇 2𝐶 + 𝑛𝑇 2𝐶1

𝑉 2

)

(17)

For combustion modeling, we also calculate various partial molar 
properties. The chemical potential 𝜇𝑖 for species i is: 

𝜇𝑖 =𝜇0
𝑖 (𝑇 ) − 𝑅𝑇 ln

𝑝0

𝑝
+ 𝑅𝑇 ln 𝑥𝑖 − 𝑅𝑇 ln𝑍

+ 𝑅𝑇
(

𝑛𝑇𝐵 + 𝑛𝑇𝐵𝑖
𝑉

+
𝑛𝑇 2𝐶 + 𝑛𝑇 2𝐶𝑖

2𝑉 2

) (18)

The activity 𝛼𝑖 is: 

𝑅𝑇 ln 𝛼𝑖 = − 𝑅𝑇 ln
𝑝0

𝑝
+ 𝑅𝑇 ln 𝑥𝑖 − 𝑅𝑇 ln𝑍

+ 𝑅𝑇
(

𝑛𝑇𝐵 + 𝑛𝑇𝐵𝑖
𝑉

+
𝑛𝑇 2𝐶 + 𝑛𝑇 2𝐶𝑖

2𝑉 2

) (19)

The partial molar volume is: 

𝑉𝑖 =
𝑅𝑇

(

1 + 𝑛𝑇 𝐵+𝑛𝑇 𝐵𝑖
𝑉 + 𝑛𝑇 2𝐶+𝑛𝑇 2𝐶𝑖

𝑉 2

)

𝑝 + 𝑛𝑇𝑅𝑇
𝑛𝑇 𝐵
𝑉 2 + 𝑛𝑇𝑅𝑇

2𝑛𝑇 2𝐶
𝑉 3

(20)

The partial molar enthalpy and entropy are: 

ℎ𝑖 =
(

𝑑𝐻
𝑑𝑛𝑖

)

𝑉 ,𝑇 ,𝑛𝑗

−

⎡

⎢

⎢

⎢

⎣

𝑉 + 𝑇

(

𝑑𝑝
𝑑𝑇

)

𝑉 ,𝑛𝑖
(

𝑑𝑝
𝑑𝑉

)

𝑇 ,𝑛𝑖

⎤

⎥

⎥

⎥

⎦

(

𝑑𝑝
𝑑𝑛𝑖

)

𝑉 ,𝑇 ,𝑛𝑗

(21)

𝑠𝑖 =
(

𝑑𝑆
𝑑𝑛𝑖

)

𝑉 ,𝑇 ,𝑛𝑗
−
(

𝑑𝑆
𝑑𝑝

)

𝑛𝑖

(

𝑑𝑝
𝑑𝑛𝑖

)

𝑉 ,𝑇 ,𝑛𝑗
(22)

where, 
(

𝑑𝐻
𝑑𝑛𝑖

)

𝑉 ,𝑇 ,𝑛𝑗
=ℎ0𝑖 − 𝑅𝑇 + 𝑉

(

𝑑𝑝
𝑑𝑛𝑖

)

𝑉 ,𝑇 ,𝑛𝑗

− 𝑅𝑇

(

𝑛𝑇𝐵1 + 𝑛𝑇𝐵𝑖,1 +
𝑛𝑇 2𝐶1 + 𝑛𝑇 2𝐶𝑖,1

2

) (23)
𝑉 2𝑉
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(

𝑑𝑆
𝑑𝑛𝑖

)

𝑉 ,𝑇 ,𝑛𝑗
=𝑠0𝑖 + 𝑅 ln

𝑝0𝑉
𝑛𝑖𝑅𝑇

− 𝑅

− 𝑅
( 𝑛𝑇𝐵 + 𝑛𝑇𝐵𝑖 + 𝑛𝑇𝐵1 + 𝑛𝑇𝐵𝑖,1

𝑉

)

− 𝑅

(

𝑛𝑇 2𝐶 + 𝑛𝑇 2𝐶𝑖 + 𝑛𝑇 2𝐶1 + 𝑛𝑇 2𝐶𝑖,1

2𝑉 2

)

(24)

(

𝑑𝑝
𝑑𝑛𝑖

)

𝑉 ,𝑇 ,𝑛𝑗
= 𝑅𝑇

𝑉

(

1 +
𝑛𝑇𝐵 + 𝑛𝑇𝐵𝑖

𝑉
+

𝑛𝑇 2𝐶 + 𝑛𝑇 2𝐶𝑖

𝑉 2

)

(25)

(

𝑑𝑆
𝑑𝑝

)

𝑛𝑖
=

(

𝑑𝑝
𝑑𝑇

)

𝑉 ,𝑛𝑖
(

𝑑𝑝
𝑑𝑉

)

𝑇 ,𝑛𝑖

(26)

The superscript of 0 denotes thermodynamic properties evaluated 
at atmospheric pressure, while the subscript of i refers to the property 
of species i. 𝑍 represents the compressibility factor, 𝑍 = 𝑝𝑉 ∕(𝑛𝑇𝑅𝑇 ). 
For the second and third virial coefficients, subscripts ‘‘1’’ and ‘‘2’’ 
indicate the first and second derivatives with respect to temperature, 
respectively.

2.2.3. Transport properties
The transport properties are calculated using the kinetic theory of 

gases, incorporating the BWF potential model. The viscosity coefficient 
𝜂, mass diffusivity coefficient 𝐷, and thermal conductivity coefficient 𝜆
are given by [23]: 

𝜂 = 5
16

√

𝜋𝑚𝑘𝐵𝑇
𝜋𝜎2𝛺(2,2)∗

(27)

𝐷 = 3
16

√

2𝜋𝑘𝐵3𝑇 3

𝑚

𝑝𝜋𝜎2𝛺(1,1)∗
(28)

𝜆 =
𝜂
𝑤

(

𝑓trans𝐶𝑣,trans + 𝑓rot𝐶𝑣,rot + 𝑓vib𝐶𝑣,𝑣𝑖𝑏
)

(29)

In reactive flow simulations, the multicomponent transport
model [23] is employed to evaluate species diffusion. The multicom-
ponent diffusion coefficients are calculated using the Stefan–Maxwell 
equations, which describe the coupled diffusion fluxes of all species in 
a mixture. To solve these equations efficiently, Chemkin and Cantera 
employ the L-matrix method. This formulation transforms the Stefan–
Maxwell relations into a linear algebra problem, in which the species 
diffusion velocities are obtained by inverting the L-matrix and multiply-
ing it by a concentration vector. The individual species conductivities 
are composed of translational, rotational, and vibrational contributions: 

𝑓trans =
5
2

(

1 − 2
𝜋

𝐶𝑣,rot
𝐶𝑣,trans

𝐴
𝐵

)

, 𝐶𝑣,trans = 1.5𝑅

𝑓rot =
𝜌𝐷
𝜂

(

1 + 2
𝜋
𝐴
𝐵

)

, 𝐶𝑣,rot,linear = 1.0𝑅,𝐶𝑣,rot,nonlinear = 1.5𝑅

𝑓𝑣𝑖𝑏 =
𝜌𝐷
𝜂

, 𝐶𝑣,𝑣𝑖𝑏 = 𝐶𝑣 − 𝐶𝑣,trans − 𝐶𝑣,rot

𝐴 = 5
2
−

𝜌𝐷
𝜂

, 𝐵 = 𝑍rot +
2
𝜋

(

5
3
𝐶𝑣,rot
𝑅

+
𝜌𝐷
𝜂

)

(30)

To account for pressure effects on transport properties, we employ 
the Enskog theory correction factors [23]: 
𝜂𝑣
𝜂0𝑏0

= 1
𝑦
+ 0.8 + 0.761𝑦 (31)

𝜆𝑣
𝜆0𝑏0

= 1
𝑦
+ 1.2 + 0.755𝑦 (32)

𝑝𝐷
(𝑝𝐷)0

𝑣
𝑏0

= 1
𝑦
+ 1 (33)

𝑦 = 𝑣
𝑅𝑇

[

𝑇
(

𝜕𝑝
𝜕𝑇

)

𝑣

]

− 1 (34)

where the superscript of 0 indicates transport properties at atmospheric 
pressure.
4 
2.3. Cantera implementation

The theoretical framework outlined above has been implemented in 
the Cantera software package. The BWF-Virial module integrates the 
BWF potential into the virial EoS, enabling the direct calculation of 
second and third virial coefficients, as well as Enskog correction fac-
tors, based solely on the BWF potential parameters. Unlike traditional 
models that rely heavily on empirical correlations or experimental data 
fitting, the BWF-Virial module allows for the first-principles prediction 
of both thermodynamic and transport properties. Consequently, it fa-
cilitates high-fidelity simulation of real-fluid behavior and combustion 
phenomena under a wide range of operating conditions.

3. Results and discussion

3.1. Thermodynamic properties

To evaluate the compressibility factor and thermodynamic proper-
ties, including specific enthalpy and isobaric specific heat capacity, we 
conduct a rigorous comparison of various simulation methods against 
reference data provided by the National Institute of Standards and 
Technology (NIST) [27], which is mainly based on experimental data 
fitting.

Fig.  1 shows the compressibility factor, which characterizes devia-
tions of real-gas behavior from ideality, as a function of pressure for 
real fluids. At low pressures, all species behave nearly ideally, with 
compressibility factors close to 1.0. As pressure rises, intermolecular 
interactions drive significant departures from ideality. For the nonpo-
lar gas H2, all models, including BWF-Virial, LJ-Virial, RK, and PR, 
capture the pressure dependence reasonably well. For polar species 
such as H2O, RK and PR perform satisfactorily at moderate pressures, 
but their accuracy deteriorates above 300 atm, with errors exceed-
ing 15%. The LJ-Virial method exhibits even larger deviations, with 
relative errors surpassing 30%. In contrast, the BWF-Virial method 
maintains excellent accuracy across the entire range, keeping errors 
within 5%. For long-chain alkanes such as propane, RK and PR remain 
reliable at lower pressures, yet deviate from 1% to 7% at higher 
pressures, while LJ-Virial again shows large discrepancies. The BWF-
Virial method consistently performs well, demonstrating its superior 
capability to represent real-fluid behavior under elevated pressures.

In fuel combustion, the heat release is primarily controlled by the 
enthalpies of the reactants and products. Fig.  2 shows the pressure 
dependence of specific enthalpy for various species. For nonpolar gases, 
such as H2, all models yield nearly identical predictions, with devi-
ations within 5%. However, for polar species such as H2O and NH3, 
notable discrepancies emerge as pressure increases. The RK and PR 
methods perform reasonably well, with errors below 10%. The LJ-Virial 
method shows strong deficiencies, and enthalpies are overestimated by 
more than 40% (H2O) and underestimated by more than 80% (NH3) 
beyond 300 atm, due to its inadequate treatment of polarity and dense-
phase interactions. In contrast, the BWF-Virial method closely follows 
experimental data across all species and pressure ranges, keeping errors 
below 10% even under supercritical conditions and for long-chain 
alkanes.

The isobaric specific heat capacity, a key thermodynamic parameter 
in isobaric combustion, is shown in Fig.  3 as a function of pressure. 
As semi-empirical methods fitted by experimental values, the RK and 
PR methods remain accurate for various species across a wide range of 
pressures. In contrast, the LJ-Virial method increasingly diverges at el-
evated pressures, particularly for polar species. For NH3, its predictions 
become unstable above 400 atm, sharply overestimating and producing 
errors up to 270%, reflecting a breakdown of the LJ potential model 
under supercritical conditions. The BWF-Virial method, however, main-
tains high fidelity across the entire pressure range, reproducing heat 
capacities of both nonpolar and polar species with errors below 15% 
and accurately capturing the gradual increase observed experimentally.
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Fig. 1. The compressibility factor computed employing the BWF-Virial, LJ-Virial, RK, and PR methods with comparison to NIST data (a): nonpolar molecules 
(because of the weak polarity of CO, it is classified to nonpolar species here); (b) polar and long-chain molecules.
Fig. 2. The specific enthalpy computed employing the BWF-Virial, LJ-Virial, RK, and PR methods with comparison to NIST data (a): nonpolar molecules; (b) 
polar and long-chain molecules.
3.2. Transport properties

Because of the large experimental measurement uncertainties for 
diffusion and thermal conductivity, viscosity coefficients provide a 
reliable method for assessing transport properties [24]. Accordingly, 
we analyze the viscosity behavior computed by the BWF-Virial, LJ-
Virial, and Chung [28] methods, as illustrated in Fig.  4. With increasing 
pressure, the reduction in intermolecular distances enhances real-fluid 
interactions, leading to a distinct pressure dependence of viscosity. 
Utilizing the Enskog theory framework [23], we correct the viscos-
ity coefficients of various species over a wide range of pressures. 
The BWF-Virial method effectively captures the pressure-induced vari-
ations in viscosity, maintaining consistency with expected physical 
trends. In contrast, the LJ-Virial method performs reasonably well for 
nonpolar species such as H2 and CH4, yet fails to account for the 
complex interactions in polar molecules like H2O and NH3, resulting 
in pronounced deviations up to 270%. We also provide predictions for 
diffusion and thermal conductivity coefficients in Figs. S1 and S2 of the 
Supplementary Material.

Through comprehensive and systematic thermodynamic and trans-
port calculations, the BWF-Virial method demonstrates robust and 
consistent accuracy across a broad range of pressures. In particular, 
the method exhibits exceptional predictive capability for polar gases 
and long-chain alkanes, effectively capturing intricate real-fluid effects 
that are often inadequately represented by conventional models. These 
results affirm the BWF-Virial method as a reliable and versatile tool for 
5 
real-fluid thermodynamic and transport property simulations, offering 
significant advantages in supercritical modeling.

3.3. Ignition delay time

Building upon the validated reliability of the BWF-Virial method for 
predicting the thermodynamic and transport properties of real fluids, 
we conducted an in-depth investigation into the zero-dimensional and 
one-dimensional combustion characteristics of various fuels. Simula-
tions of ignition delay times and laminar flame speeds were performed 
in Cantera using the ConstPressureReactor and FreeFlameReactor mod-
ules, respectively. Refined computational grids were employed to accu-
rately capture the combustion behavior of supercritical methane and 
n-heptane. The GRI 3.0 mechanism [29] was utilized for methane, 
while a reduced n-heptane mechanism [30], derived via path flux 
analysis (PFA) [31], was used to model long-chain alkane oxidation.

Fig.  5 presents the ignition delay times (IDTs) for methane oxi-
dation in carbon dioxide at 80 atm and 260 atm. A clear temper-
ature dependence is observed, with IDTs decreasing as temperature 
rises. At 80 atm, all methods, including RK, PR, LJ-Virial, and BWF-
Virial, produce similar predictions, slightly underestimating experimen-
tal IDTs by 10%–30%. As the pressure increases to 260 atm, significant 
divergences appear. The RK, PR, and LJ-Virial method overpredicts 
IDTs by up to 20%–25%. In contrast, the BWF-Virial method captures 
the pressure-dependent trends most accurately, with predictions ap-
proximately 15%–20% lower than LJ-Virial and within 5%–10% of 
experimental values.



X. Zhang et al. Combustion and Flame 282 (2025) 114465 
Fig. 3. The isobaric specific heat capacity computed employing the BWF-Virial, LJ-Virial, RK, and PR methods with comparison to NIST data (a): nonpolar 
molecules; (b) polar and long-chain molecules.
Fig. 4. The viscosity coefficient computed employing the BWF-Virial, LJ-Virial, and Chung methods with comparison to NIST data (a): nonpolar molecules; (b) 
polar and long-chain molecules.
For n-heptane, ignition delay time simulations at 10 atm and 300 
atm are shown in Fig.  6 (RK and PR parameters are difficult to obtain 
due to the complex composition of the reduced n-heptane mechanism, 
so Figs.  6 and 8 only show the BWF-Virial, LJ-Virial, and IG models). 
At 10 atm, both models yield nearly identical results, overestimating 
the ignition delay time relative to experimental data. However, under 
the elevated pressure of 300 atm, where molecular spacing is signif-
icantly reduced and intermolecular interactions become increasingly 
pronounced, the predictive performance diverges. In this dense regime, 
the BWF-Virial method effectively captures the enhancement in ignition 
reactivity due to intensified collisional dynamics among fuel molecules. 
As a result, it predicts ignition delay times that are 5%–10% lower than 
those of the LJ-Virial method.

3.4. Laminar flame speed

Fig.  7 shows the laminar flame speeds of methane/air mixtures at 
various equivalence ratios under 1 atm and 200 atm. At atmospheric 
pressure, the Virial and semi-empirical methods yield comparable re-
sults, with the BWF-Virial method exhibiting slightly better agreement 
with experimental data due to its more accurate treatment of transport 
properties. As the pressure rises to 200 atm, enhanced intermolecular 
collisions markedly affect flame propagation, amplifying the differences 
among models. Under these high-pressure conditions, the BWF-Virial 
method predicts laminar flame speeds up to 20% higher than other 
approaches, reflecting stronger real-fluid effects on flame dynamics. 
6 
Fig. 5. The ignition delay time modeling for methane oxidation in carbon 
dioxide with comparison to experimental data [32].

Similarly, Fig.  8 presents the laminar flame speeds of n-heptane/air 
mixtures. Compared with methane, discrepancies between different 
methods become more pronounced, even at 1 atm, due to the scarcity 
of experimental transport data for long-chain hydrocarbons and the 
heightened sensitivity of laminar flame speed to diffusivity and thermal 
conductivity. At elevated pressures, the divergence further increases, 
with the BWF-Virial method predicting flame speeds about 10%–20% 



X. Zhang et al. Combustion and Flame 282 (2025) 114465 
Fig. 6. The ignition delay time modeling for n-heptane oxidation with com-
parison to experimental data [33].

Fig. 7. The laminar flame speed modeling for methane oxidation with com-
parison to experimental data: Nilsson (Nils) [34], Lowry [35].

Fig. 8. The laminar flame speed modeling for n-heptane oxidation with 
comparison to experimental data: Dirrenberger (Dirr) [36], Davis [37].

higher than those from the LJ-Virial method, in closer alignment with 
experimental trends.

At this stage, our research has yielded significant findings in the ar-
eas of compressibility factors, thermodynamic properties, and transport 
phenomena, as illustrated in Fig.  9. In the future, our work will concen-
trate on investigating chemical reaction rates from a more microscopic 
and dynamic perspective, thereby enabling more comprehensive and 
mechanistically insightful simulations of real-fluid behavior.
7 
4. Conclusion

In this study, we present an extension of the virial equation of state 
by incorporating the Boltzmann-weighted Full-dimensional potential 
model. We successfully derive the second and third virial coefficients 
as well as associated thermodynamic and transport property formu-
lations based on the BWF potential. These theoretical methods are 
implemented into the Cantera platform, establishing a new simulation 
module, the BWF-Virial real-fluid method. Unlike conventional empir-
ical methods, the BWF-Virial approach enables real-fluid simulations 
directly from physically meaningful potential parameters, without re-
liance on experimental data fitting. Moreover, by incorporating both 
two-body and three-body molecular interactions based on the BWF 
potential, the method captures various intermolecular interactions, and 
the anisotropy and temperature dependence of potential parameters, 
thereby significantly enhancing the physical accuracy of the virial 
equation of state.

Extensive simulations of thermodynamic and transport properties 
across nonpolar gases, polar gases, and long-chain alkanes demonstrate 
that the BWF-Virial method can maintain a relative error level of 
0.1%–10% across a wide range of pressures. Compared with the tradi-
tional RK, PR, Chung, and LJ-Virial methods, the BWF-Virial approach 
reveals superior performance, particularly in modeling real-fluid effects 
for polar and long-chain molecules. Furthermore, we apply the BWF-
Virial method to simulate zero-dimensional ignition delay times and 
one-dimensional laminar flame speeds for supercritical methane and 
n-heptane. While both models yield similar results at low pressures, 
the BWF-Virial method offers significant improvements under elevated 
and supercritical conditions, with predictions differing by 5%–20% 
from those of the LJ-Virial method and aligning more closely with 
experimental data. In the future, we will focus on extending this frame-
work to incorporate microscopic chemical reaction kinetics, further 
enabling high-fidelity combustion simulations under extreme real-fluid 
environments.
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Fig. 9. Diagram of real-fluid effects on reactive flow simulations.
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